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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
The physically short crack regime is primary region of interest in the design and sustainment of highly optimised metallic 
aircraft. The authors have previously shown that by characterising a fracture surface using fractals concept produces a crack 
growth model similar to that first proposed by Frost and Dugdale in 1958. This provides a scientific basis to the crack growth 
model. Further investigations revealed that for short cracks these models predict that crack growth is exponentially related to the 
applied load history. This observation has led to a practical aircraft lifing approach applicable to the short crack regime known as 
the lead crack framework. This paper summarises the fractality of metallic fracture surfaces, presents examples of the crack 
growth behaviour in complex structures, and summarises some useful crack growth tools. 
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1. Introduction 
During the la t few decades the physically short crack regime in metals has received notable interest particularly 
in aerospace applications. What initially appeared to be anomalous fatigue behaviour when compared to that of long 
cracks is now referred to as the short-crack effect (Suresh and Ritchie, 1984). Such cracks are characterized by: (i) 
growth rates (da/dN) higher than what is derived by long-crack data for a given stress intensity range K; (ii) often a 
decrease in da/dN with increasing K; (iii) growth at K values lower than the long-crack threshold; and (iv) a 
growth rate strongly dependent on the material microstructure. 
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Since equation (3) is expressed through the renormalized quantities *a  and *K , it turns out to be fracture-surface 
scale invariant.  (A multiaxial FCG rule has been presented in Carpinteri et al., 2010).  A scaling rule can be 
obtained from equation (3) by rewriting such a relation in terms of the nominal crack propagation rate da/dN and the 
nominal SIF range K.  As a matter of fact, the derivation chain rule can be used to calculate the crack propagation 
rate dNda /*  of the fractal crack, by also recalling that Daa *  (Carpinteri, 1994): 
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Thus, by employing the expression of 2*
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aKK   and equation (4), equation (3) becomes: 
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In the case of two-dimensional problems 1  (in the following only two-dimensional fractal cracks are 
considered), and equation (5) turns out to be equal to equation (1). 
3. Crack Growth Equations 
Now two equations are examined in this paper: the generalised Frost-Dugdale equation (6) and the Hartman-
Schijve variant equation (7) (which is a variant of the NASGRO equation, see Jones, 2014). The generalised Frost-
Dugdale equation as presented in (Jones et al., 2008) takes the following form: 
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where  is a constant, Kmax is the maximum stress intensity factor, Kc is the fracture toughness, R is the stress ratio 
and y is the yield stress. For lead cracks that grow from small naturally occurring material discontinuities the term 
da/dN0 is approximately zero. Furthermore, as is shown in (Lincoln and Melliere, 1999; Jones et al., 2008; Park and 
Garcia, 2015; Jones et al., 2016;),  3 which implies a cubic stress dependency. As can be seen, equations (2) and 
(6) are functionally similar as shown in (Mandelbrot (2006); Jones, Chen, Pitt, Carpenterin and Paggi, 2016) and the 
fractal box dimension D associated with cracks that grow from small naturally occurring material discontinuities is 
approximately 1.2, so that equations (2) and (6) coincide for naturally occurring cracks.  
The variant of the Hartman-Schijve equation can be written as follows: 
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where  is a constant, which is determined from the slope of the da/dN versus [(K – Kthr)/√(1-Kmax/A)] curve 
and has been found to be approximately 2 for several metallic materials (Jones et al., 2016; Tan and Chen, 2013; 
Jones et al., 2013). The parameters A and Kthr (for the appropriate physically short or long crack da/dN data) are 
chosen so as to best represent the experimental data. The parameter D* is the y-axis intercept at approximately 1 
MPa√m when equation (7) is plotted using log-log axes. Note that only one da/dN data set at one R value is 
required to define equation (7). 
The parameter Kthr should not be confused with the term Kth, which the ASTM 647 fatigue test standard 
suggests to be the value of ΔK at a crack growth rate da/dN of 10-10 m/cycle. In this formulation Kthr is chosen to 
ensure that equation (7) reproduces the observed crack growth rates over the entire da/dN versus ΔK curve for a 
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It has also been recognised that a significant portion (approximately two-thirds of the total life) of the lives of 
aircraft is spent in the short crack regime (i.e. at crack depths less than approximately 1mm, which presents a 
significant challenge for non-destructive inspection) (Molent et al., 2011; Wanhill, 1991; Jones, 2014; Molent and 
Jones et al., 2015), and these cracks initiate and grow upon introduction into service from small (approximately 
0.01mm) manufacturing and production discontinuities (Wanhill, 1991). Therefore, the prediction of the growth of 
small cracks is paramount to the safety and durability of the aircraft structure (as well as possibly other structures 
subjected to severe loading environments) (Jones, 2014; Molent and Jones, 2015; Jones et al., 2007).  
As is well-known that fracture surfaces can be considered as an invasive fractal set, see Mandelbrot et al. (1984). 
This concept, i.e. of a fracture surface as a fractal, has been further developed by Carpinteri (1994), Carpinteri and 
Spagnoli (2004) and Carpinteri et al. (2010) and Spagnoli (2004, 2005) who used renormalisation techniques to 
develop a growth law for an invasive fractal, viz. 
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where C and m are material Paris constants, and D is the fractal dimension. An extension (Jones et al., 2016) of this 
fractal equation to allow for mean stress and threshold effects is: 
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where C* and p are experimental constants, and the term (da/dN)0 accounts for the fatigue threshold. Here it should 
be noted that for physically short cracks, the threshold is very small (Spagnoli, 2004; Spagnoli, 2005). 
Equation (1) is formally identical to the classical Paris law except that the coefficient C1 depends on the crack 
depth a, whereas in the Paris equation (Paris et al., 1961) it is assumed to be a material constant. It was soon noted 
(Jones et al., 2007) (and more recently in Jones et al., 2016) that this formulation was similar to a generalisation of 
the Frost-Dugdale equation (Frost and Dugdale, 1958) and a variant of the Hartman-Schijve equation (Jones, 2014; 
Jones et al., 2012, 2013; Molent and Jones, 2015). Both these formulations have been shown to provide good 
predictions of variable-amplitude service loading applied to a range of aerospace metals. The Hartman-Schijve 
equation has been used to illustrate the importance of the K threshold in explaining scatter seen in some seminal 
fatigue tests (Molent and Jones, 2015). Therefore the fractal approach provides a sound scientific basis for equations 
that offer practical tools for the prediction of crack growth from discontinuities in aerospace structures. 
This paper presents some examples of the utility of these fractal-based crack growth models. 
2. Fractal based model of a crack 
There is a long list of experimental motivations to describe fracture surfaces in metals as fractal geometrical 
entities (e.g. see Cherepanov et al., 1995; Yavari et al., 2002; Mandelbrot, 2006). A simple approach is to treat crack 
surfaces as self-similar invasive fractal sets, characterized by a fractal dimension D  (e.g. measured by means of the 
box counting method), where 1  D   with    equal to 1 and 2 for two-dimensional and three-dimensional 
problems, respectively. Accordingly, following some Griffith-like energy balance arguments, it has been shown that 
the energy release rate due to the extension of a fractal crack is related to the projected (that is to say, nominal) crack 
length, while the energy dissipated at the crack surface is proportional to its fractal surface, having physical 
dimensions equal to   DL . Then, by making use of the Irwin’s relationship (Irwin, 1957), it turns out that the stress 
intensity factor of a fractal crack is 2*

D
aKK  with the following unusual physical dimensions:     23 DLF   . 
Note that in the case of a fractal crack with dimension D  the near crack-tip stress field takes the form   21   Dij r
, where r  is the distance from the crack tip (Carpinteri, 1994; Cherepanov et al., 1995; Yavari et al., 2002), that is to 
say, the features of the near tip stress field are radically changed and no longer the classical linear elastic fracture 
mechanics singularity of r1  holds. 
Exploiting the renormalized quantities related to fractal cracks, the following crack-size dependent fatigue crack 
growth (FCG) rule has been proposed (Carpinteri and Spagnoli, 2004; Carpinteri, 1994): 
 Loris Molent et al. / Procedia Structural Integrity 2 (2016) 3081–3089 3083 Author name / Structural Integrity Procedia 00 (2016) 000–000  3 
 mKC
N
a **
d
d  		 	 	 (3) 
Since equation (3) is expressed through the renormalized quantities *a  and *K , it turns out to be fracture-surface 
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In the case of two-dimensional problems 1  (in the following only two-dimensional fractal cracks are 
considered), and equation (5) turns out to be equal to equation (1). 
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where  is a constant, Kmax is the maximum stress intensity factor, Kc is the fracture toughness, R is the stress ratio 
and y is the yield stress. For lead cracks that grow from small naturally occurring material discontinuities the term 
da/dN0 is approximately zero. Furthermore, as is shown in (Lincoln and Melliere, 1999; Jones et al., 2008; Park and 
Garcia, 2015; Jones et al., 2016;),  3 which implies a cubic stress dependency. As can be seen, equations (2) and 
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where  is a constant, which is determined from the slope of the da/dN versus [(K – Kthr)/√(1-Kmax/A)] curve 
and has been found to be approximately 2 for several metallic materials (Jones et al., 2016; Tan and Chen, 2013; 
Jones et al., 2013). The parameters A and Kthr (for the appropriate physically short or long crack da/dN data) are 
chosen so as to best represent the experimental data. The parameter D* is the y-axis intercept at approximately 1 
MPa√m when equation (7) is plotted using log-log axes. Note that only one da/dN data set at one R value is 
required to define equation (7). 
The parameter Kthr should not be confused with the term Kth, which the ASTM 647 fatigue test standard 
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1) They start to grow shortly after testing begins or after the aircraft is introduced into service. As explained in 
ASTM E647-13a, the threshold is very small for small cracks (indeed, E647-13a raises the question of whether a 
threshold exists for this class of problems).  This implies that, for this class of problems, Kthr and (da/dN)0 are small 
(i.e. close to zero), see (Wanhill, 1991; Bouchaud, 1997; Jones et al., 2007; Jones, 2014; Molent and Jones, 2015) for 
more details. 
2) Subject to several caveats (see Molent et al., 2011; Jones et al., 2011) they grow approximately exponentially 
with consistent loading history, i.e. FCG may be represented by an equation of the form: 
	 � � �����	 	 	 	 	 	 	 	 	 	 (8)	
where: a = Crack depth; a0 = Initial crack size (or Equivalent Pre-crack Size (EPS), (e.g. Molent, 2014; Gallagher 
and Molent, 2015); = Growth rate parameter that includes the finite geometrical factor β; and t = Cycles/No. of 
Load Blocks/Simulated Flight Hours. 
3) A significant portion of their lives is spent in the short crack regime (i.e. at crack depths less than 
approximately 1mm). 
4) The lead cracks grow in an optimum manner generally unaffected by such factors as crack-closure or material 
grain size. 
5) The fastest possible lead crack is more likely to be revealed in a larger structural component than in a small 
coupon (i.e. the area or volume effect). Having a concurrent combination of ‘favorable’ grain orientation, local 
stresses and large initial discontinuities is more probable for a larger sample of material.  
6) For a given material, spectrum and item, the  parameter of the exponential equation, e.g. the slope of the 
crack growth curve shown in Figure 3, is approximately a constant for given spectrum and stress level. 
(7) The mean EPS for AA7050-T7451 plate is approximately equivalent to a 0.01 mm deep (semi-circular) 
surface fatigue crack (Molent, 2014; Gallagher and Molent, 2015). In other words a 0.01 mm deep crack is a good 
starting point for assessing the average fatigue life using the lead crack framework, see Figure 3. This EPS value is 
well below the smallest initial flaw/crack size usually assumed in the damage tolerant method for durability (i.e. 
0.254 mm). 
(8)  The metallic materials used in highly stressed areas of high performance aircraft, where load shedding has 
not occurred, typically have critical crack depths of the order of 10 mm. 
Figure 3 shows some of the utility of the lead crack framework. For instance if the EPS can be estimated and a 
crack is found at some point in the life of the structure, then a crack growth curve is then available. The resultant 
crack growth curve can then be extrapolated to estimate the total life. 
Figure 3: Schematic diagram of the growth of a lead crack commencing for a mean EPS for AA7050-T7451, 
showing the crack depth versus time history, a typical limit of crack detection (NDI) and a typical critical crack 
depth for the required residual strength (critical RST). 
4.2.  Cubic 
A means of determining the effect on the crack growth rate of a variation in stress level, for the same basic 
spectrum, is often needed for fatigue analyses. The Frost and Dugdale model, which was formulated for constant 
amplitude data, postulated that the exponent representing the rate of exponential crack growth (Frost and Dugdale, 
1958), , could be expressed as a function of the applied stress: 
� � ���           (9) 
where: is the applied constant amplitude stress. The Frost and Dugdale model has been extended to variable 
amplitude loading (see Barter et al., 2005; Molent and Jones, 2016), by linking the crack growth rate exponent to a 
reference stress, REF, that was related to the spectrum: 
� � ����� �            (10) 
This extended Frost-Dugdale rule states that crack growth is exponential and can be written as follows: 
� � �������� ��          (11) 
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given R. For short cracks Kthr approaches zero (Spagnoli, 2004; Molent and Jones, 2015), thus exponential crack 
growth should be expected. 
Whilst the form of equations (2) and (7) is functionally different (and the reasons for this are beyond the scope of 
the present work), it has been shown (Jones et al., 2016) that both have the utility of collapsing data from multiple R 
ratio or long and short crack tests, see for example Figure 1 and Figure 2. From these figures the required constants 
for equations (2) and (7) can be extracted and the equations (in conjunction with estimates of the effective initiating 
discontinuity size and critical crack size) used to conduct fatigue predictions of variable amplitude aircraft spectra, 
see e.g. (Jones, 2014; Jones et al., 2012; Jones et al., 2013) The ability of equations (2) and (7) to collapse data from 
multiple R ratio crack tests also follows from (Jones et al., 2012) and (Park and Garcia, 2015). Further utilities of 
these equations are summarised below. 
Figure 1: The Generalised Frost-Dugdale presentation of some AA7050-T7451 crack growth data from )Jones et al., 2011). 
Figure 2: The Hartman-Schijve variant representation of some AA7050-T451 data from (Jones et al., 2015)  
4. Practical Crack Growth Equations 
Some of the implications from equations (1), (2), (6) and (7) that will be highlighted here are: (i) Lead Crack 
concept; (ii) Cubic stress relationship; and (iii) The influence of Kthr in scatter seen in fatigue test results. 
4.1.  Lead Crack Framework 
Lead cracks have the following general characteristics (derived from Molent et al., 2011):  
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1) They start to grow shortly after testing begins or after the aircraft is introduced into service. As explained in 
ASTM E647-13a, the threshold is very small for small cracks (indeed, E647-13a raises the question of whether a 
threshold exists for this class of problems).  This implies that, for this class of problems, Kthr and (da/dN)0 are small 
(i.e. close to zero), see (Wanhill, 1991; Bouchaud, 1997; Jones et al., 2007; Jones, 2014; Molent and Jones, 2015) for 
more details. 
2) Subject to several caveats (see Molent et al., 2011; Jones et al., 2011) they grow approximately exponentially 
with consistent loading history, i.e. FCG may be represented by an equation of the form: 
	 � � �����	 	 	 	 	 	 	 	 	 	 (8)	
where: a = Crack depth; a0 = Initial crack size (or Equivalent Pre-crack Size (EPS), (e.g. Molent, 2014; Gallagher 
and Molent, 2015); = Growth rate parameter that includes the finite geometrical factor β; and t = Cycles/No. of 
Load Blocks/Simulated Flight Hours. 
3) A significant portion of their lives is spent in the short crack regime (i.e. at crack depths less than 
approximately 1mm). 
4) The lead cracks grow in an optimum manner generally unaffected by such factors as crack-closure or material 
grain size. 
5) The fastest possible lead crack is more likely to be revealed in a larger structural component than in a small 
coupon (i.e. the area or volume effect). Having a concurrent combination of ‘favorable’ grain orientation, local 
stresses and large initial discontinuities is more probable for a larger sample of material.  
6) For a given material, spectrum and item, the  parameter of the exponential equation, e.g. the slope of the 
crack growth curve shown in Figure 3, is approximately a constant for given spectrum and stress level. 
(7) The mean EPS for AA7050-T7451 plate is approximately equivalent to a 0.01 mm deep (semi-circular) 
surface fatigue crack (Molent, 2014; Gallagher and Molent, 2015). In other words a 0.01 mm deep crack is a good 
starting point for assessing the average fatigue life using the lead crack framework, see Figure 3. This EPS value is 
well below the smallest initial flaw/crack size usually assumed in the damage tolerant method for durability (i.e. 
0.254 mm). 
(8)  The metallic materials used in highly stressed areas of high performance aircraft, where load shedding has 
not occurred, typically have critical crack depths of the order of 10 mm. 
Figure 3 shows some of the utility of the lead crack framework. For instance if the EPS can be estimated and a 
crack is found at some point in the life of the structure, then a crack growth curve is then available. The resultant 
crack growth curve can then be extrapolated to estimate the total life. 
Figure 3: Schematic diagram of the growth of a lead crack commencing for a mean EPS for AA7050-T7451, 
showing the crack depth versus time history, a typical limit of crack detection (NDI) and a typical critical crack 
depth for the required residual strength (critical RST). 
4.2.  Cubic 
A means of determining the effect on the crack growth rate of a variation in stress level, for the same basic 
spectrum, is often needed for fatigue analyses. The Frost and Dugdale model, which was formulated for constant 
amplitude data, postulated that the exponent representing the rate of exponential crack growth (Frost and Dugdale, 
1958), , could be expressed as a function of the applied stress: 
� � ���           (9) 
where: is the applied constant amplitude stress. The Frost and Dugdale model has been extended to variable 
amplitude loading (see Barter et al., 2005; Molent and Jones, 2016), by linking the crack growth rate exponent to a 
reference stress, REF, that was related to the spectrum: 
� � ����� �            (10) 
This extended Frost-Dugdale rule states that crack growth is exponential and can be written as follows: 
� � �������� ��          (11) 
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given R. For short cracks Kthr approaches zero (Spagnoli, 2004; Molent and Jones, 2015), thus exponential crack 
growth should be expected. 
Whilst the form of equations (2) and (7) is functionally different (and the reasons for this are beyond the scope of 
the present work), it has been shown (Jones et al., 2016) that both have the utility of collapsing data from multiple R 
ratio or long and short crack tests, see for example Figure 1 and Figure 2. From these figures the required constants 
for equations (2) and (7) can be extracted and the equations (in conjunction with estimates of the effective initiating 
discontinuity size and critical crack size) used to conduct fatigue predictions of variable amplitude aircraft spectra, 
see e.g. (Jones, 2014; Jones et al., 2012; Jones et al., 2013) The ability of equations (2) and (7) to collapse data from 
multiple R ratio crack tests also follows from (Jones et al., 2012) and (Park and Garcia, 2015). Further utilities of 
these equations are summarised below. 
Figure 1: The Generalised Frost-Dugdale presentation of some AA7050-T7451 crack growth data from )Jones et al., 2011). 
Figure 2: The Hartman-Schijve variant representation of some AA7050-T451 data from (Jones et al., 2015)  
4. Practical Crack Growth Equations 
Some of the implications from equations (1), (2), (6) and (7) that will be highlighted here are: (i) Lead Crack 
concept; (ii) Cubic stress relationship; and (iii) The influence of Kthr in scatter seen in fatigue test results. 
4.1.  Lead Crack Framework 
Lead cracks have the following general characteristics (derived from Molent et al., 2011):  
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4.3.  Scatter 
It was shown in (Molent and Jones, 2015) that when using the Hartman-Schijve equation, i.e. equation (7), the 
spread in scatter seen in some classic fatigue test programs can be captured by allowing for relatively small changes 
in the term ΔKthr. For example, the seminal work on the variability in FCG rates by Virkler et al. (1978), examined 
the variability by eliminating the variations in initial discontinuity size and loading (only).  In this work Virkler and 
coworkers carefully prepared 68 identical 2.54 mm thick AA 2024-T3 centre notched specimens tested under 
constant amplitude loading.  An optical microscope was used to measure the number of loading cycles it took for the 
centre-cracks to reach pre-specified lengths. Care was specifically taken to ensure that the initial crack length (2a) 
was 18.0 mm.  This study revealed some scatter in the crack growth rate of long cracks, even when the initial crack 
length was held constant, see Figure 5. 
Figure 4: Measured and predicted crack length histories in the F4E spectrum study, adapted from (Potter et al., 1974).  
Figure 5: Crack growth data from Virkler et al. (1978) and computed variability for AA2024-T3. Half-crack length plotted (note: computed ΔKthr 
= 0 is also shown). 
Figure 5 shows how the variability in the FCG rate (i.e. the slopes) is captured reasonably well (subject to normal 
experimental error) by merely allowing for changes in Kthr, i.e. using values of 2.9, 3.2, 3.4, 3.6, 3.8, 4 and 4.2 in 
equation (7), with α = 2, A = 70 MPa√m and D* = 1.2 10-9 as per (Molent and Jones, 2015) for this material. Also 
shown in Figure 5 is the conservative nature of the computed lead crack growth curve for Kthr = 0.0 MPa √m. This 
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where t is time,  a0 is the initial crack depth, at time t = 0, a is the crack depth at time t. 
The crack growth rate can then be expressed as: 
 ௗ௔ௗ௧ ൌ ܽ଴ߪோாிఈ ߣ݁ఙೃಶಷഀ ఒ௧ ൌ ܽߪோாிఈ ߣ        (12) 
  ଵ௔ ௗ௔ௗ௧ ൌ ߪோாிఈ ߣ         (13) 
According to this relationship, at a given crack length the ratio of crack growth rates for two tests performed 
under the same spectrum (i.e.  is constant), but at two different reference stress levels, can be expressed as:  
           2.1.2.1.21 /// REFREFREFREFdtdadtda  , ሺௗ௔ ௗ௧Τ ሻభሺௗ௔ ௗ௧Τ ሻమ ൌ ఙೃಶಷǤభഀ ఒఙೃಶಷǤమഀ ఒ ൌ ൬ఙೃಶಷǤభఙೃಶಷǤమ൰
ఈ  (14) 
where the subscripts 1 and 2 refer to two reference stress levels, i.e. stress levels 1 and 2 respectively. As was 
observed by Frost and Dugdale for constant amplitude loading, a value of α  3 was found to apply for a range of 
materials tested under variable amplitude loading (Molent and Jones, 2016). Thus, the model is hitherto referred to 
as the stress-cubed rule. 
Figure 3: Schematic diagram of the growth of a lead crack commencing for a mean EPS for AA7050-T7451, showing the crack depth versus time 
history, a typical limit of crack detection (NDI) and a typical critical crack depth for the required residual strength (critical RST).  
To illustrate that da/dt is proportional to the cube of the stress, let us consider the data by Potter et al. (1974), who  
presented crack growth data for 12.7 mm thick, and 25.4 mm wide aluminium alloy (AA) 7075-T6511 specimens 
with a working length of 165 mm. These specimens contained a centrally located 0.25 inch (3.175 mm) diameter 
hole that was notched on one side to start a corner crack. These specimens were designed so as to obtain crack 
growth data from corner cracks growing out of holes, which is a typical problem in aircraft structures. In this study 
the spectrum used was derived from the bending moment spectrum from the F-4E wing fatigue test aircraft and 
contained 320 air-to-ground, 230 air-to-air, and 180 non-tactical flights per 1000 flight hours. Two tests were 
performed; one with a remote stress of 207 MPa and another at a remote stress of 248.2 MPa i.e. a change in stress 
range of 20%. The associated crack length histories are shown in Figure 4, including a prediction using the cubic 
rule at the higher (248.2 MPa) stress level from the lower stress level (207 MPa) using an EPS of 0.0825mm.  
For the example provided below the size of the effective initiating discontinuity was readily found from the back-
projection of the crack growth data available (note: for both the source and the to-be-predicted data). In cases where 
the initial discontinuity size is not apparent from the available crack growth data, an estimate of the EPS as defined 
in (Molent, 2014) will be required. For practical solutions a mean or a “specified number of standard deviations from 
the mean” (for an acceptable probability of failure) EPS will be required for the specific initial discontinuity (which 
is a function of surface finish and manufacturing details), see for example (Molent, 2014). 
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4.3.  Scatter 
It was shown in (Molent and Jones, 2015) that when using the Hartman-Schijve equation, i.e. equation (7), the 
spread in scatter seen in some classic fatigue test programs can be captured by allowing for relatively small changes 
in the term ΔKthr. For example, the seminal work on the variability in FCG rates by Virkler et al. (1978), examined 
the variability by eliminating the variations in initial discontinuity size and loading (only).  In this work Virkler and 
coworkers carefully prepared 68 identical 2.54 mm thick AA 2024-T3 centre notched specimens tested under 
constant amplitude loading.  An optical microscope was used to measure the number of loading cycles it took for the 
centre-cracks to reach pre-specified lengths. Care was specifically taken to ensure that the initial crack length (2a) 
was 18.0 mm.  This study revealed some scatter in the crack growth rate of long cracks, even when the initial crack 
length was held constant, see Figure 5. 
Figure 4: Measured and predicted crack length histories in the F4E spectrum study, adapted from (Potter et al., 1974).  
Figure 5: Crack growth data from Virkler et al. (1978) and computed variability for AA2024-T3. Half-crack length plotted (note: computed ΔKthr 
= 0 is also shown). 
Figure 5 shows how the variability in the FCG rate (i.e. the slopes) is captured reasonably well (subject to normal 
experimental error) by merely allowing for changes in Kthr, i.e. using values of 2.9, 3.2, 3.4, 3.6, 3.8, 4 and 4.2 in 
equation (7), with α = 2, A = 70 MPa√m and D* = 1.2 10-9 as per (Molent and Jones, 2015) for this material. Also 
shown in Figure 5 is the conservative nature of the computed lead crack growth curve for Kthr = 0.0 MPa √m. This 
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where t is time,  a0 is the initial crack depth, at time t = 0, a is the crack depth at time t. 
The crack growth rate can then be expressed as: 
 ௗ௔ௗ௧ ൌ ܽ଴ߪோாிఈ ߣ݁ఙೃಶಷഀ ఒ௧ ൌ ܽߪோாிఈ ߣ        (12) 
  ଵ௔ ௗ௔ௗ௧ ൌ ߪோாிఈ ߣ         (13) 
According to this relationship, at a given crack length the ratio of crack growth rates for two tests performed 
under the same spectrum (i.e.  is constant), but at two different reference stress levels, can be expressed as:  
           2.1.2.1.21 /// REFREFREFREFdtdadtda  , ሺௗ௔ ௗ௧Τ ሻభሺௗ௔ ௗ௧Τ ሻమ ൌ ఙೃಶಷǤభഀ ఒఙೃಶಷǤమഀ ఒ ൌ ൬ఙೃಶಷǤభఙೃಶಷǤమ൰
ఈ  (14) 
where the subscripts 1 and 2 refer to two reference stress levels, i.e. stress levels 1 and 2 respectively. As was 
observed by Frost and Dugdale for constant amplitude loading, a value of α  3 was found to apply for a range of 
materials tested under variable amplitude loading (Molent and Jones, 2016). Thus, the model is hitherto referred to 
as the stress-cubed rule. 
Figure 3: Schematic diagram of the growth of a lead crack commencing for a mean EPS for AA7050-T7451, showing the crack depth versus time 
history, a typical limit of crack detection (NDI) and a typical critical crack depth for the required residual strength (critical RST).  
To illustrate that da/dt is proportional to the cube of the stress, let us consider the data by Potter et al. (1974), who  
presented crack growth data for 12.7 mm thick, and 25.4 mm wide aluminium alloy (AA) 7075-T6511 specimens 
with a working length of 165 mm. These specimens contained a centrally located 0.25 inch (3.175 mm) diameter 
hole that was notched on one side to start a corner crack. These specimens were designed so as to obtain crack 
growth data from corner cracks growing out of holes, which is a typical problem in aircraft structures. In this study 
the spectrum used was derived from the bending moment spectrum from the F-4E wing fatigue test aircraft and 
contained 320 air-to-ground, 230 air-to-air, and 180 non-tactical flights per 1000 flight hours. Two tests were 
performed; one with a remote stress of 207 MPa and another at a remote stress of 248.2 MPa i.e. a change in stress 
range of 20%. The associated crack length histories are shown in Figure 4, including a prediction using the cubic 
rule at the higher (248.2 MPa) stress level from the lower stress level (207 MPa) using an EPS of 0.0825mm.  
For the example provided below the size of the effective initiating discontinuity was readily found from the back-
projection of the crack growth data available (note: for both the source and the to-be-predicted data). In cases where 
the initial discontinuity size is not apparent from the available crack growth data, an estimate of the EPS as defined 
in (Molent, 2014) will be required. For practical solutions a mean or a “specified number of standard deviations from 
the mean” (for an acceptable probability of failure) EPS will be required for the specific initial discontinuity (which 
is a function of surface finish and manufacturing details), see for example (Molent, 2014). 
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is discussed in more detail in (Molent and Jones, 2015) where it is also shown that the various approaches that are 
commonly used to estimate the short crack da/dN versus ΔK curve can be represented by the Hartman-Schijve 
equation by allowing for small variations in Kthr. A more extensive range of examples, which includes the scatter 
seen in both long and short crack tests, on how scatter in crack growth tests can be captured by allowing for small 
variations in the term Kthr is presented in (Molent and Jones, 2015). 
5. Conclusions 
This paper has discussed the equivalence of the Hartman-Schijve, the generalised Frost-Dugdale and fractal based 
crack growth equations. It has also provided examples of the utility of fractal based (derivatives and related) crack 
growth equations for application to aerospace components. These models have been found to be applicable to the 
physically short crack regime which is a primary region of interest in the design and sustainment of highly optimised 
metallic aircraft. 
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is discussed in more detail in (Molent and Jones, 2015) where it is also shown that the various approaches that are 
commonly used to estimate the short crack da/dN versus ΔK curve can be represented by the Hartman-Schijve 
equation by allowing for small variations in Kthr. A more extensive range of examples, which includes the scatter 
seen in both long and short crack tests, on how scatter in crack growth tests can be captured by allowing for small 
variations in the term Kthr is presented in (Molent and Jones, 2015). 
5. Conclusions 
This paper has discussed the equivalence of the Hartman-Schijve, the generalised Frost-Dugdale and fractal based 
crack growth equations. It has also provided examples of the utility of fractal based (derivatives and related) crack 
growth equations for application to aerospace components. These models have been found to be applicable to the 
physically short crack regime which is a primary region of interest in the design and sustainment of highly optimised 
metallic aircraft. 
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